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Abstract
The piecewise algebraic curve is a generalization of the classical algebraic curve. In this paper, we give the
Nöther-type theorem of piecewise algebraic curves on cross-cut partitions. By using interpolation along a piecewise
algebraic curve, we also present a method to construct Lagrange interpolation sets for bivariate spline spaces on
cross-cut partitions.
© 2005 Elsevier B.V. All rights reserved.
Keywords: Bivariate splines; Piecewise algebraic curves; Lagrange interpolation; Nöther-type theorem; Cross-cut partition
1. Introduction
Bivariate spline spaces have been studied intensively in the past 30 years [10,23]. Bivariate splines
as piecewise polynomials can be used to approximate any continuous, smooth, and even discontinuous
function within any given tolerance. Moreover, bivariate splines are easy to store, to evaluate, and to
manipulate on a digital computer; a myriad of applications in scientiﬁc and engineering computation have
been found. In fact, spline has become a kind of fundamental tool for computational geometry, numerical
analysis, approximation theory, scattered data ﬁtting, construction and reconstruction of surfaces in ﬁelds
of application, and so on.
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Let  be a simply connected domain in C2 (or R2) and  a partition of  given by a ﬁnite irreducible
algebraic curves. Denote by i , i = 1, . . . , T , all of the cells of , where T is the number of the cells of .
These line segments that form the boundary of each cell are called edges. Intersection points of the edges
are called the vertices. Denote by Pn() the collection of piecewise polynomials of degree n as follows:
Pn() := {p|pi = p|i ∈ Pn, i = 1, 2, . . . , T },
where Pn denotes the collection of bivariate polynomials with total degree n in C2 (or R2). For an integer
0<n, we say
Sn() := {s ∈ C() ∩ Pn()}
is a bivariate spline space with smoothness  and total degree n on  [23]. The curve
 : {(x, y) ∈  |f (x, y) = 0, f (x, y) ∈ Sn()}
is called a C piecewise algebraic curve. For convenience, it is also called a piecewise algebraic curve f
sometimes. It is obvious that the piecewise algebraic curve is a generalization of the classical algebraic
curve [25,26]. Because there is the possibility
{(x, y) ∈ |f |i = fi(x, y) = 0} ∩ i = (empty).
It will be very difﬁcult to study the piecewise algebraic curves. We refer to [25,26,28–32,34,35] for the
recent researches of the piecewise algebraic curves.
A set z1, . . . , zd ∈ C2 (or R2), where d = dim Sn(), is called a Lagrange interpolation set for Sn()
if for each function f ∈ C(), there exists a unique spline S ∈ Sn() such that
S(zi) = f (zi); i = 1, . . . , d.
If some partial derivatives of a sufﬁciently differentiable function f are also involved, and the total
number of Hermite conditions is d, then it is called to be a Hermite interpolation set for S ∈ Sn(). So a
natural problem of the interpolation by Sn() is to construct interpolation sets for Sn(). Unfortunately,
interpolation by spline spaces are strongly connected with the problem on the dimension of these spaces.
Therefore, this kind of interpolation problems will be very complicated. The following theorem showed
a basic result [26].
Theorem 1.1. A set A={zi}di=1 of points, where d=dim Sn(), is a Lagrange interpolation set for Sn()
if and only if there is no spline g(x, y) ∈ Sn()\{0} such that A lies on the piecewise algebraic curve g.
For the triangulations of , it is obvious that a Lagrange interpolation set for S0n(), n1, can be
obtained by the union of all points (i/n)v1 + (j/n)v2 + (k/n)v3, i + j + k = n, where v1, v2, v3 are
the vertices of a triangle in . In particular, the set of vertices is a Lagrange interpolation set for S01().
In 1986, an algorithm for constructing more general Lagrange interpolation sets for S01() was given in
[2]. Recently, a characterization of Lagrange interpolation sets for S01() was given in [9]. The literatures
show that for n2, it is complex problem to construct general interpolation set for S0n(). Using the
Bézier–Bernstein representation [11,12] of bivariate polynomials, there are lots of approaches to deal
with the interpolation and approximation by Sn() [1,5–8,16,13,20,21]. Nürnberger et al. have surveyed
these methods in [17].
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In [14,15,27], Liang et al. gave a method to solve the problem of Lagrange interpolation by bivariate
polynomials using interpolating along an algebraic curves. In this paper,we extend thismethod to construct
general Lagrange interpolation sets of S0n(c), where c is the cross-cut partition of .
In next section we extend the Nöther-type theorem of piecewise algebraic curves in [31] to the general
cross-cut partitions. In Section 3, we study the Lagrange interpolation set for interpolating along a
piecewise algebraic curve by using the results of Section 2. Moreover, the recursive construction theorem
and geometric structure for constructing Lagrange interpolation sets for S0n() are provided. Finally, some
examples are also given.
2. Nöther-type theorem of piecewise algebraic curves
Denote by c the cross-cut partition consisting of a ﬁnite straight lines. In this section, the so called
Nöther-type theorem of piecewise algebraic curves on cross-cut partitions will be given, which is the
generalization of Nöther-type theorem of piecewise algebraic curves in [31].
It is well known that Bezout’s theorem and Nöther’s theorem are important and classical results in
algebraic geometry [22]. The weak form of Bezout’s theorem says that two algebraic curves will have
inﬁnitely many intersection points provided that they have more intersection points than the product of
their degrees. Denote by BN = BN(m, r; n, t;) the so-called Bezout’s number. It means that any two
piecewise algebraic curves
f (x, y) = 0, g(x, y) = 0, f ∈ Srm(), g ∈ Stn()
must have inﬁnitely many intersection points provided that they have more than BN intersection points.
Shi and Wang gave the following theorem in [19,28,30,31].
Theorem 2.1 (Shi and Wang [19] and Wang and Xu [28]). If  is a 2-triangle-signed triangulation, then
BN(m, 0; n, 0;) = mnT . (1)
Remark 2.1. By Theorem 2.1, there must exist partitions, such as c having no interior vertices, 2-
triangle-signed star partition, type-1 triangulations and type-2 triangulations etc.,which satisfyBN(m, 0; n,
0;) = mnT .
By Nöther’s theorem [22] and the properties of bivariate splines, we have the following result directly.
Lemma2.1 (Wang and Zhu [30,31]). Letm, n,and r be the natural numbers.Suppose BN(m, 0; n, 0;)=
mnT , and two piecewise algebraic curves G and F, G ∈ S0m(), F ∈ S0n(), meet exactly at mnT distinct
points. If the curve H = 0, H ∈ Pr (), passes through these mnT distinct points, then
H = AG + BF,
where A ∈ Pr−m(), B ∈ Pr−n().
Deﬁnition 2.1 (Xu and Wang [33]). Suppose a direction of a partition line is appointed. Along the
direction the ﬁrst and the last interior vertices of the partition line are called marginal points of the
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partition line. If an interior vertex is a marginal point of the lines passing through the point, the interior
vertex is called a marginal vertex of the partition .
Lemma 2.2 (Xu and Wang [33]). For any cross-cut partition c, there is at least one marginal point of
the partition c provided that  = .
Denote by l the partition consisting of only one straight line l = 0 which divides the domain  into
two parts. Let fi = f |i , i = 1, . . . , T , if f ∈ P().
Deﬁnition 2.2. Let f, g ∈ P(). If two polynomials fi and gi have no non-constant common factors for
any i ∈ {1, . . . , T }, then we say that they have no local common factors. Otherwise, we say that they
have local common factors.
Lemma 2.3 (Wang and Zhu [31]). Let H,G,F ∈ S(l), and G and F have no local common factors.
Suppose that the piecewise algebraic curves G and F have no intersection points inside on l = 0, and
Hi=AiGi+BiFi , i=1, 2,whereA,B ∈ P(l).ThenA2−A1=l+1EA+TAF1,B2−B1=l+1EB−TAG1,
where EA,EB, TA are polynomials.
By the above results and some basic properties of algebraic curves, the following theorem was given
in [30,31].
Theorem 2.2. Let m, n, and r be the natural numbers. Suppose BN(m, 0; n, 0;)=mnT and  has one
interior vertex at most. Suppose that two piecewise algebraic curves G and F, G ∈ S0m(), F ∈ S0n(),
meet exactly at mnT distinct points. If the piecewise algebraic curve H, H ∈ S0r (), passes through these
mnT distinct points, then H = UG + VF, where U ∈ S0r−m(), V ∈ S0r−n().
Now, we present the so-called Nöther-type theorem of piecewise algebraic curves on the cross-cut
partitions.
Theorem 2.3 (Nöther-type theorem). Let m, n, and r be natural numbers. Suppose that BN(m, 0; n, 0;
c) = mnT , and two piecewise algebraic curves G and F, G ∈ S0m(c), F ∈ S0n(c), meet exactly at
mnT distinct points. If the piecewise algebraic curve H, H ∈ S0r (c), passes through these mnT distinct
points, then H = UG + VF, where U ∈ S0r−m(c), V ∈ S0r−n(c).
Proof. Denote by D the number of interior vertices ofc. To prove the theorembymathematical induction
on D.
(i) By using Theorem 2.2, the statements are true when D = 0, and 1.
(ii) Assume that the statement is true for any given integer k. To prove the statement is also true for
D = k + 1. By Lemma 2.1, there exist A ∈ Pr−m(), B ∈ Pr−n(), such that
H = AG + BF. (2)
By Lemma 2.2, the partition c has a marginal vertex V (see Fig. 1). Denote byN, St(V ) the number of
the cross-cut lines passing V, and the star region of V, respectively. By the deﬁnition of cross-cut partition
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V
St' (V) ∆ic 
Fig. 1. The marginal vertex V of c.
and Deﬁnition 2.1, there exists a sub-domain of St(V ), say St ′(V ), containing at least N − 1 adjacent
cells which have no common cells with any other star of interior vertex (see Fig. 1). Denote by ic the
union of the sub-domains of c which have no interior vertices and are adjacent with St ′(V ) (see Fig. 1).
Let V ′c be St ′(V ) ∪ ic, and L the union of interior edges of c belonging to V ′c . Denote by ′c the
sub-partition of c satisfying
′c := (c\V
′
c ) ∪ L.
Then the number of interior vertices of ′c is k. By the assumption, we obtain
H = U ′G + V ′F ,
where U ′ ∈ S0r−m(′c), V ′ ∈ S0r−n(′c). Suppose that 1, 2, . . . , 2N are the cells of St(V ) in a counter-
clockwise manner, and i , i+1, . . . , 2N ∈ St ′(V ), where iN + 1. Let algebraic curve lj = 0 be the
equation of the common edge of j and j+1 (1jN), and Ai−1 = U ′i−1 = U ′|i−1 . Obviously, the
piecewise algebraic curve G or F does not pass through the interior vertex V. Without loss of generality,
we assume that V does not lie on F = 0. By Lemma 2.3 and Eq. (2), we have
Aj+1 − Aj = ljEAj + TjFj , j = i − 1, . . . , N .
So we obtain
Aj = Ai−1 +
j−1∑
k=1
lkE
A
k + FjT j−1, j = i, . . . , N + 1,
where T j =∑j−1k=1 Tk . Let ˜c = i−1 ∪ · · · ∪ N+1, and U˜ ∈ Pr−m(˜c) satisfy
U˜i−1 = U˜ |i−1 = Ai−1,
U˜j = U˜ |j = Aj − FjT j−1 = Ai−1 +
j−1∑
k=1
lkE
A
k , j = i, . . . , N + 1.
Hence A = U˜ + FT on the ˜c, where U˜ ∈ S0r−m(˜c).
Let
Aj = U ′j , j = 1, . . . , i − 1,
Aj = U˜j , j = i, . . . , N + 1.
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Using the conclusions of Lemma 2.3 and above results, we have
Aj+1 − Aj = lj qAj , j = 1, . . . , N ,
Aj+1 − Aj = lj−NEAj + TjFj , j = N + 1, . . . , 2N ,
where A1 = A2N+1. Therefore
2N∑
j=N+1
FjTj =
N∑
j=1
lj
(
qAj + EAj
)
,
i.e.,
FN+1T 2N =
N∑
j=1
lj h
A
j ,
where T 2N = ∑2Nj=N+1 Tj . Since the algebraic curve F |N+1 = FN+1 does not pass through V, we
have [31]
T 2N = −
N∑
j=1
ljp
A
j . (3)
Let
Qj = 0, j = 1, . . . , N ,
Qj =
j−1∑
k=N+1
lk−NpAk−N, j = N + 1, . . . , 2N .
Let Û ∈ Pr−m(St(V )) satisfy
Ûj = Û |j = Aj , j = 1, . . . , N + 1, (4)
Ûj = Û |j = Aj − Fj (T j−1 + Qj), j = N + 2, . . . , 2N . (5)
From the above equations, we have
Ûj+1 − Ûj = lj qAj , j = 1, 2, . . . , N ,
Ûj+1 − Ûj = lj
(
−qFj Qj+1 − FjpAj−N + qAj + EAj
)
, j = N + 1, . . . , 2N − 1,
where qFj is the smoothing cofactor of the interior edge lj =0 of F. Since T 2N +Q2N =−lNpAN , therefore
Û1 − Û2N = lNEA2N + F2N(T 2N + Q2N) = lN
(
EA2N − F2NpAN
)
.
It is clear that Û ∈ S0r−m(St(V )) [23,26]. From (4), (5), there exists H ∈ Pr−m−n(c) such that
A = Û + HF.
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Similarly, we have B = V̂ − HG, where V̂ ∈ S0r−n(St(V )). From Eq. (2), we have H = ÛG + V̂ F on
St(V ).
Applying the above method to the sub-domain ic, we get H = UG + VF , where U ∈ S0r−n(V ′c ),
V ∈ S0r−n(V ′c ), and U |k = Û |k if k is the common cell of St ′(V ) and ic. Let U ∈ Pr−m(c),
V ∈ Pr−m(c) satisfy
U |i = U ′|i , V |i = V ′|i , i ∈ ′c,
U |i = U |i , V |i = V |i , i ∈ V
′
c .
From the construction of U,V , we have U ∈ S0r−m(c), V ∈ S0r−n(c) such that
H = UG + BF.
Then the statement is true for D = k + 1. Therefore, the theorem is proved. 
Theorem 2.4. Let m, n, and r be the natural numbers. Suppose that BN(m, 0; n, 0;) = mnT , two
piecewise algebraic curves H and F, H ∈ S0m(), F ∈ S0n(), meet exactly at mnT distinct points, and
the piecewise algebraic curves G and F meet exactly at rnT points of these mnT points, where G ∈ S0r ().
If  is either a partition with one interior vertex at most or a cross-cut partition, then there must exist
g ∈ S0m−r (), such that the piecewise algebraic curve g passes through the (m− r)nT remainder points.
Proof. By Theorems 2.2 and 2.3, we have
H = gG + fF,
where g ∈ S0m−r (), and f ∈ S0m−n(). Since the piecewise algebraic curve G contains rnT points of
those mnT points, the piecewise algebraic curve g contains the (m − r)nT remainder points. This leads
to the result. 
3. Bivariate spline interpolation along a piecewise algebraic curve
Deﬁnition 3.1. If s ∈ Sn() and each s|i , i ∈ {1, . . . , T }, has no multiple factors, we say that s has no
local multiple factors. If s ∈ Sn() without local multiple factors and none of interior edges of  lies on
the piecewise algebraic curve s, then the piecewise algebraic curve s is called a Well piecewise algebraic
curve (WPAC for short).
Now we introduce the Lagrange interpolation set for interpolating along a WPAC.
Deﬁnition 3.2. Let n, k be the natural numbers,  be an integer, 0<min{n, k}, and let
ßn(k) := dim(Sn()) − dim(Sn−k()),
where dim(Sn−k())=0 if n<k, and dim(Sn−k())=dim(Pn−k) if 0n−k. Suppose that s ∈ Sk (),
s = 0 is a WPAC, and A= {qi}ß

n(k)
i=1 are the distinct points on s = 0. If the assumptions p ∈ Sn() and
p(qi) = 0, i = 1, . . . , ßn(k)
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imply there must exist r ∈ Pn−k() such that p = sr (r ≡ 0 if n<k), then A is called a
Lagrange interpolation set for interpolating of degree n along the WPAC s of degree k with smooth-
ness , denoted by
A ∈ In,k(s).
Lemma 3.1. Suppose p ∈ Sn(), s ∈ Sk (), and r ∈ Pn−k(). If the piecewise algebraic curve s is a
WPAC and p = sr , then r ∈ Sn−k().
Proof. Assume that si = s|i , pi = p|i , ri = r|i , i = 1, . . . , T . According to the assumptions, we have
pi = siri . If i , i+1 are adjacent on  and li = 0 is equation of the common edge of i and i+1, by using
the smoothness of splines [23,26], then we get
pi = siri ,
pi + l+1i ai = (si + l+1i bi)ri+1,
where ai, bi are the smooth cofactors ofp, s on li =0, respectively. Since li =0 does not lie on si =0, from
the above equations, there must exist ci ∈ Pn−k−(+1)di , where di = deg(li), such that ri+1 = ri + l+1i ci .
Suppose that Vi is any given interior vertex of , i1, i2, . . . , it are the cells of star region of Vi in
counter-clockwise manner, and lij = 0 is the equation of the common edge of ij and ij+1 , j = 1, . . . , t ,
respectively, where it+1 = i1 . By using the conformality conditions of the bivariate splines [23,26], we
have
pi1 = si1ri1 ,
pi1 = si1
⎛⎝ri1 + t∑
j=1
l
+1
ij
cij
⎞⎠
.
Obviously,
∑t
j=1 l
+1
ij
cij ≡ 0. Then we get r ∈ Sn−k(). 
Now, the problems are how to prove the existence of Lagrange interpolation sets for interpolating
along a WPAC, and how to construct them. The following theorem gives a method to construct Lagrange
interpolation sets for interpolating along a WPAC on some partitions. The following Theorems 3.3, 4.2,
and Proposition 4.1 give three methods to construct Lagrange interpolation sets for interpolating along a
WPAC.
Theorem 3.1. Suppose s ∈ Sk (), s = 0 is a WPAC, and for each i ∈ {1, . . . , T }, s|i is factorized as
s|i = s1i · · · smii ,
where sji , j =1, . . . , mi , are distinct irreducible polynomials of degree lji , and {sji =0}∩ i has inﬁnitely
many points, respectively. If k −∑mij=1 lji = di, di > 0, then let l1i = l1i + di . Let n be a positive integer,
and
t =
{Tnk +∑Ti=1 mi − dim(Sn()) if n<k
Tnk +∑Ti=1 mi − dim(Sn()) + dim(Sn−k()) if nk.
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Suppose that nlji + 1 distinct points are freely chosen on each local curve segment {sji = 0} ∩ i ,
j = 1, . . . , mi; i = 1, . . . , T . Then we can properly delete altogether t points from their aggregate such
that the set of remaining points A ∈ In,k(s).
Proof. The proof of the result for the case of n<k is simple. Then we only give the proof for the case
of nk.
Let B = {qi}mi=1 be the points chosen from the WPAC s, where m = Tnk +
∑T
i=1 mi . After deleting t
points from them, the number of remaining points is exactly equal to ßn(k). If p ∈ Sn() satisﬁes
p(qi) = 0, i = 1, . . . , m, (6)
then the nth algebraic segment {p|i = 0} ∩ i and the lji th algebraic segment {sji = 0} ∩ i intersect
at least at nlji + 1 distinct points (j = 1, . . . , mi, i = 1, . . . , T ). By the Bezout’s Theorem [22], there
exists r ∈ Pn−k() such that p = sr . By the result of Lemma 3.1, we have r ∈ Sn−k(). Conversely,
any p ∈ Sn() satisfying p = sr is a solution of Eq. (6). It is clear that the solution space of p = sr has
only dim(Sn−k()) linearly independent splines which pass through B. This shows the rank of coefﬁcient
matrix of Eq. (6) must be
m − t = dim(Sn()) − dim(Sn−k()).
Therefore, there must exist a non-singular sub-matrix of order m− t and the set A of m− t points related
to the sub-matrix belong to In,k(s). Then the result holds. 
Remark 3.1. If  is a 2-triangled-signed triangulation and =0, by using Theorem 2.1 and [19,28], then
there exists a spline s ∈ S0k (), such that s = 0 is a WPAC and {s = 0} ∩ i is a kth algebraic curve for
each i ∈ {1, . . . , T }. Then we can select a set A of ßn(k) distinct points from the WPAC s properly such
that A ∈ I0n,k(s).
Let L, T ,D be the numbers of straight lines, cells, and interior vertices of c, respectively. Denote by
ni the number of straight lines passing through the ith interior vertex of c, i = 1, . . . , D. The following
theorem shows the relationship on L, T and D.
Theorem 3.2. T = L − D + 1 +∑Di=1 ni .
Proof. We prove the theorem by the mathematical induction on L.
(I) It is clear that the statements are true when L = 0, and 1.
(II) Assume that the statement is true for L = k. To prove that the statement is also true for L = k + 1.
Suppose ′c is a cross-cut partition of , k, T ′,D′ are the numbers of straight lines, cells and interior
vertices of ′c, respectively, and c is a partition given by adding a straight line l = 0 to ′c. Suppose
ni is the number of straight lines passing through ith interior vertex of ′c, i = 1, . . . , D′.
If l=0 meets m interior edges of ′c, then there are m new interior vertices on c, where each of them is
the intersection of two straight lines onc. If l=0 passes through t (tD′) interior vertices of′c, denoted
by {Vj }ktj=k1(ktD′), then let nj =nj +1, j =k1, . . . , kt . Let D=D′ +m and ni =2, i=D′ +1, . . . , D.
Therefore, we have T = T ′ + m + 1 = (k + 1) − D + 1 +∑Di=1 ni .
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Then the statement is true for L = k + 1. This completes the proof. 
By using above theorems, Bezout’s Theorem of piecewise algebraic curves [19,28], and Nöther-type
theorem of piecewise algebraic curves (Theorem 2.3), a method to construct the Lagrange interpolation
sets for interpolating along a WPAC on c is given as follows, which is called Recursive Construction
Theorem.
Theorem 3.3 (Recursive construction theorem). Suppose BN(k, 0; l, 0;c) = T kl, two piecewise alge-
braic curves g, s meet exactly at Tkl distinct points B = {qi}T kli=1 on c, where g ∈ S0l (c), s ∈ S0k (c),
and s = 0 is a WPAC. If A ∈ I0n,k(s) and B ∩ A= , then
B
⋃
A ∈ I0n+l,k(s),
where nk if c has interior vertices and nk − 1 if c has no interior vertices.
Proof. First, we should prove the number of points in B ∪ A is equal to ß0n+l(k).
By using the dimension for the cross-cut partition which was given in [3,4,18,24], we have
dim(S0m(c)) =
1
2
(m + 1)(m + 2) + 1
2
m(m + 1)L +
D∑
i=1
dm(ni), (7)
where
dm(ni) = 12
[
(ni − 1)m + (ni − 3) + (ni − 1)
⌊
1
ni − 1
⌋](
m −
⌊
1
ni − 1
⌋)
(8)
and ni is the number of straight lines passing through the ith interior vertex of c, i = 1, . . . , D. Let
t = ß0n+l(k) − ß0n(k). (9)
If c has interior vertices and nk, by Deﬁnition 3.2 and Eqs. (7), (8), we have
t = kl
(
L − D + 1 +
D∑
i=1
ni
)
.
Since T = L − D + 1 +∑Di=1 ni , we get t = T kl by Theorem 3.2.
If c has interior vertices and nk − 1, by Eq. (7), we obtain
t = kl(L + 1).
It is obvious that t = T kl. Therefore, the number of points in B ∪ A is equal to ßn+l(k).
If p ∈ S0n+l(c) satisﬁes p(qi) = 0, i = 1, . . . , T kl, by Theorem 2.3, we have
p = hg + f s, (10)
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where h ∈ S0n(c), f ∈ S0n−k+l(c). Since p(q) = 0, g(q) = 0 for all q ∈ A, we get h(q) = 0 for all
q ∈ A. Since that A ∈ I0n,k(s), we have h = rs, where r ∈ S0n−k(c). Therefore,
p = (rg + f )s.
Thus B ∪ A ∈ I0n+l,k(s). 
4. Bivariate spline interpolation
Let  be an arbitrary partition on  in this section. Now, we show a method to construct the Lagrange
interpolation set for Sn() by the Lagrange interpolating set for interpolating along aWPAC. The method
is also called Recursive Construction Theorem.
Theorem 4.1 (Recursive Construction Theorem 2). Let  be a Lagrange interpolation set for Sn(). If
none of these points lies on a WPAC s, where s ∈ Sk (), then for any A ∈ In+k,k(s),  ∪ A must be a
Lagrange interpolation set for Sn+k().
Proof. The number of points in  ∪ A is
dim(Sn()) + ßn+k(k) = dim(Sn+k()).
We assume that  ∪ A is not a Lagrange interpolation set for Sn+k(). From Theorem 1.1, there exists
p ∈ Sn+k()\{0} such that the piecewise algebraic curve p passes through all the points in  ∪ A. Since
A ∈ In+k,k(s), we have p = sr , where r ∈ Sn()\{0}. Since none of points in  lies on the piecewise
algebraic curve s,  must be contained in the piecewise algebraic curve r, which contradicts with the
assumption that is a Lagrange interpolation set for Sn(). Then∪Amust be a Lagrange interpolation
set for Sn+k(). 
Remark4.1. If is a cross-cut partition, s ∈ S0k (), and s=0 is aWPAC, by usingRecursiveConstruction
Theorem, then we get I0n+k,k(s),I0n+2k,k(s), . . . step by step. Moreover, by using Recursive Construction
Theorem 2, we have the Lagrange interpolation sets for S0n+k(), S0n+2k(), . . . step by step.
Proposition 4.1. Let {qi}ti=1, t = ßn(k), be t distinct points on a WPAC s, where s ∈ Sk (). Suppose{qi}mi=t+1,m= dim(Sn()), is a Lagrange interpolation set for Sn−k(), and none of these points lies on
the WPAC s. If {qi}mi=1 is a Lagrange interpolation set for Sn(), then {qi}ti=1 ∈ In,k(s).
Proof. Let p ∈ Sn() satisfy
p(qi) = 0, i = 1, . . . , t .
Since s(qi) = 0, i = t + 1, . . . , m, for {p(qi)/s(qi)}mi=t+1, there exists a unique spline r ∈ Sn−k() such
that r(qi) = p(qi)/s(qi), i = t + 1, . . . , m. Let
p˜ = sr .
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Obviously, p˜ ∈ Sn() satisﬁes
p˜(qi) = 0, i = 1, . . . , t ,
p˜(qi) = p(qi), i = t + 1, . . . , m.
Since {qi}mi=1 is a Lagrange interpolation set for Sn(), we have p= p˜= sr . Then {qi}ti=1 ∈ In,k(s). 
Suppose t = dim(Sn()),  = {qi}ti=1, and L1, . . . , Lt are the fundamental Lagrange interpolation
splines satisfying
Li(qj ) =
{
1 if i = j,
0 if i = j,
where i, j = 1, . . . , t . Then we can get the following theorem, which can be regarded as converse propo-
sition to Theorem 4.1 and gives the geometric structure of Lagrange interpolation set.
Theorem 4.2 (Geometric structure theorem). Suppose  is a Lagrange interpolation set for Sn(). If
there exists i ∈ {1, . . . , dim(Sn())} such thatLi=0 is a WPAC, then can be generated by the Recursive
construction theorems.
Proof. Without loss of generality, we assume L1 = 0 is a WPAC. In what follows, we prove that if we
select q1 from, then the set of the remaining points {qi}ti=2 ∈ In,n(L1), where t=dim(Sn()). Suppose
p ∈ Sn()\{0} satisﬁes
p(qi) = 0, i = 2, . . . , t .
Since  is a Lagrange interpolation set for Sn(), we have p(q1) = 0. Let
p˜ = p/p(q1).
Then we get
p˜(q1) = 1, p˜(qi) = 0, i = 2, . . . , t .
Therefore, p˜ = L1 and p = p(q1)L1. This indicates that {qi}ti=2 is a Lagrange interpolation set for
interpolating along WPAC L1. 
At last, we give some simple examples to construct Lagrange interpolation sets for some spline spaces.
Example 4.1. Suppose that a WPAC s (the solid curve in Fig. 2), where s ∈ S02(l), and two distinct
piecewise linear algebraic curves (dashed curves in Fig. 2) meet exactly at {1, 2, 3, 4} and {5, 6, 7, 8},
respectively as Fig. 2 shown. By using the above two Recursive construction theorems, we have the
following results:
(1) {a, b, c, d} ∈ I01,2(s) by Deﬁnition 3.2;
(2) {a, b, c, d, 1, 2, 3, 4} ∈ I02,2(s) by Theorem 3.3;
(3) {a, b, c, d, 1, 2, 3, 4, 5, 6, 7, 8} ∈ I03,2(s) by Theorem 3.3;
(4) {A,B,C,D} is a Lagrange interpolation set for S01(l) by Theorem 1.1;
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Fig. 2. A Lagrange interpolation set for S03 (l ).
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Fig. 3. Lagrange interpolation sets for S02 (+) and S03 (+).
(5) {a, b, c, d, 1, 2, 3, 4, 5, 6, 7, 8, A, B,C,D} is a Lagrange interpolation set for S03(l) by Theorem
4.1.
Example 4.2. Denote by + the partition consisting of two straight lines which divides the domain 
into four parts (see Fig. 3).
In the left of Fig. 3, the solid curve s = 0 is a WPAC, where s ∈ S01(+), and the dashed curve is a
piecewise linear algebraic curve on +. By using the above two Recursive construction theorems, we
have
(1) {a, b, c, d} ∈ I01,1(s) by Deﬁnition 3.2;
(2) {a, b, c, d, e, f, g, h} ∈ I02,1(s) by Theorem 3.3;
(3) {A,B,C,D,E} is a Lagrange interpolation set for S01(+) by Theorem 1.1;
(4) A={a, b, c, d, e, f, g, h,A,B,C,D,E} is a Lagrange interpolation set for S02(+) by Theorem 4.1.
In the right of Fig. 3, the solid curve g=0 is a WPAC which is distinct from s=0 in the left of Fig. 3,
where g ∈ S01(+), and the dashed curves are two distinct piecewise linear algebraic curves on +. Then
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Fig. 4. A Lagrange interpolation set for S02 (
(1)).
we have
(1) {1, 2, 3, 4} ∈ I01,1(g) by Deﬁnition 3.2;
(2) {1, 2, 3, 4, 5, 6, 7, 8} ∈ I02,1(g) by Theorem 3.3;
(3) B= {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} ∈ I03,1(g) by Theorem 3.3;
(4) A ∪ B is a Lagrange interpolation set for S03(+) by Theorem 4.1 and A ∩ {(x, y)|g(x, y) = 0} = .
Example 4.3. Let (1) be a type-1 triangulation (see Fig. 4). In Fig. 4, the solid curve s = 0 is a WPAC,
where s ∈ S01((1)), and the dashed curve is a piecewise linear curve. Denote by A, B, C the sets of the
vertices of (1), the points denoted as ◦ in Fig. 4, and the points denoted as • in Fig. 4, respectively. By
using the above two Recursive construction theorems, we have following results:
(1) A is a Lagrange interpolation set for S01((1)) by Theorem 1.1;
(2) B ∈ I01,1(s) by Deﬁnition 3.2, Theorem 3.1, and Remark 3.1 or Theorem 4.2;
(3) B ∪ C ∈ I02,1(s) by Theorem 3.3;
(4) A ∪ B ∪ C is a Lagrange interpolation set for S02((1)) by Theorem 4.1;
(5) By using the method described in Example 4.2, the Lagrange interpolation sets for S03((1)),
S04(
(1)), . . . , can be given, respectively.
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